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Abstract
In this article we compute the motive associated to a cellular fibration
Γ over a smooth scheme X inside Veovodsky’s motivic categories. We im-
plement this result to study the motive associated to a G-bundle, and addi-
tionally to study motives of varieties admitting a resolution of singularities
by a tower of cellular fibrations (e.g. affine Schubert varieties in a twisted
affine flag variety).
Mathematics Subject Classification (2000): 14F42, (14C25, 14D99, 20G15)
keywords: mixed Tate motives, cellular fibrations, principal G-bundles, won-
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Introduction
A fundamental result of V. Voevodsky states that the (higher) Chow groups
of a quasi-projective variety X over a perfect field k, of any characteristic, can
be viewed as the motivic cohomologies of X [40]. As a consequence of this result,
A. Huber and B. Kahn established a decomposition of the pure Tate motive
M(Y ), associated to a smooth variety Y , in terms of its motivic fundamental
invariants; see Remark 2.6. Regarding this we prove a motivic version of Leray-
Hirsch theorem for a cellular fibration; see Theorem 2.8.
Theorem 0.1. Let X be a smooth irreducible variety over a perfect field k. Let
π : Γ→ X be a proper smooth locally trivial (for Zariski topology) fibration with
fiber F . Furthermore assume that F is cellular and satisfies Poincare´ duality.
Then we have a decomposition
M(Γ) ∼=
⊕
≥0
CHp(F )⊗M(X)(p)[2p]
in DM effgm (k).
∗This work was completed while the first author was visiting the Institute for Research in
Fundamental Sciences (IPM).
†This research was in part supported by a grant from IPM(No. 93510038).
‡Corresponding author. E-mail address: shabibi@ipm.ir
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We implement the above result, together with the motivic version of the
decomposition theorem, due to Corti and Hanamura [12] and de Cataldo and
Migliorini [14], to study motive of a variety X, which admits a resolution of sin-
gularities X˜, which in turn can be constructed as a tower of cellular fibrations;
see Theorem 2.9. In particular, one can use this approach to study the motive
associated to an affine Schubert variety S(ω) in a twisted partial affine flag va-
riety. The affine Schubert varieties were first introduced by G. Pappas and M.
Rapoport [30] and later received much attention according to the following rea-
sons. First, they play significant role in the theory of local models for Shimura
varieties, see [19], [31] and [35]. Second, they also appear as local models for the
moduli stacks of global G-shtukas, which are function field analogs for Shimura
varieties1 ; see [39] and also [1].
Consequently at the end of Section 2 we show that
Proposition 0.2. Let G be a connected reductive algebraic group over the local
field K := k((z)) of Laurent series with algebraically closed residue field k. Assume
either G is constant (i.e. G := G×k k((z)) for a connected split reductive group G
over k) or that char k = 0 and Grothendieck’s standard conjectures and Murre’s
conjecture hold; see Remark 2.10. Then the motive M(S(ω)) is pure Tate.
Finally, as the second application of Theorem 0.1, we use the combinatorial
tools provided by the theory of wonderful compactification according to [15] and
[34], to study motives of G-bundles.
Definition 0.3. Let X be a scheme over a perfect field k. We denote the small-
est tensor thick subcategory of DMeffgm (k)(resp. DM
eff
gm (k) ⊗ Q) containing the
category of mixed Tate motives, see Definition 1.2, and the motive M(X) (resp.
M(X)⊗Q)byMTX(k,Z) (resp. MTX(k,Q)). We call it the category of relative
mixed Tate motives over X with integral (resp. rational) coefficients.
Let G be a G-bundle over a smooth irreducible variety X over k. One might
naturally conjecture that the restriction of the motive M(G) to kalg lies in the
category of relative mixed Tate motives over X. The following theorem shows
that this expectation is true to a large extent.
Theorem 0.4. Let k be a perfect field. let G be a G-bundle over a smooth
irreducible variety X over k. We have the following statements
1This work, was initially proposed as a part of an extensive research plan, which aims to
investigate the motives associated with the moduli stacks of global G-shtukas in Voevodsky’s
motivic categories, using local theory of global G-shtukas [2], and the techniques which we
developed in [1]; see for example proof of [1, Proposition 4.30]. Notice that, as is proved in [39,
Proposition 2.16] (also see [3] for the case of non-constant reductive groups), the moduli stacks
of global G-shtukas are Deligne-Mumford. Furthermore, the theory of motives for Deligne-
Munfored stacks was “partly” explored in [38] and [9]. We leave further discussions in this
direction for another occasion.
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(a) If X is (geometrically) cellular then M(G) is geometrically mixed Tate.
(b) If X is a smooth projective curve then there is a finite separable field exten-
sion k′/k such that the restriction of M(G) to k′ lies in MTX(k
′,Q).
(c) If G is Zariski locally trivial and G has connected center, then M(G) lies in
MTX(k,Z).
(d) If k = C and G has connected center, then the motive M(G) ⊗ Q lies in
MTX(k,Q).
Note that in the course of the proof of the above theorem 0.4, we obtain an
explicit (nested) filtration on the motive of a G-bundle; see Section 4. The case
of torus bundles was previously studied by Huber and Kahn [20].
The above discussion in particular implies that the torsor relation [M(G)] =
[M(G)].[M(X)] holds in K0(DM
eff
gm (k)); see Proposition 4.4. Also compare with
[4, Appendix A] where they treat the case char k = 0; see also Remark 4.5.
The organization of the article is as follows. In section 1 we fix notation and
conventions. In section 2 we introduce the notion of motivic (relative) cellular
varieties. We show that for such a variety X, the motive M(X) admits a de-
composition similar to the Chow motive of a relative cellular variety. Note that
we implement these results later to study motives of orbit closures of wonder-
ful compactification of a reductive group; see Proposition 3.5 and Remark 3.6.
Furthermore, we establish a motivic version of Leray-Hirsch theorem for cellular
fibrations. We use this result to study motives of varieties admitting a resolution
of singularities by a tower of cellular fibrations. In particular we prove Proposi-
tion 0.2. In Section 3 we first recall some results about the geometry of wonderful
compactifiation of a reductive group of adjoint type. Subsequently we see that
the closure of a G×G-orbit is (motivic) cellular. Using this result and the motivic
version of Leray-Hirsch theorem we study the motive associated to a G-bundle.
We first consider the case when char k = 0 and X is geometrically mixed Tate;
see Proposition 3.7. Then we consider the case when char k is arbitrary and X is
geometrically cellular, proving part (a) of Theorem 0.4; see Proposition 3.10. In
the last Section 4 we first review the A. Huber and B. Kahn [20, Section 8] (also
see Biglari [5]) filtration on the motive of a torus bundle, which they construct
using the theory of slice filtration. Finally, using the combinatorial tools provided
by the theory of wonderful compactification of reductive groups, we establish a
nested filtration on the motive of a G-bundle G. Consequently, we prove part (b),
(c) and (d) of Theorem 0.4.
Acknowledgement. We are grateful to L. Barbieri Viale and B.Kahn for their
helps and comments on the earlier draft of this article. We thank L. Migliorini for
mentioning us an inaccuracy in the proof of Proposition 3.7 in a previous version
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editing and helpful discussions regarding this work.
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1 Notation and Conventions
Throughout this article we assume that k is a perfect field. We denote by Schk
(resp. Smk) the category of schemes (resp. smooth schemes) of finite type over
k.
For X in Ob(Schk), let CHi(X) and CH
i(X) denote Fulton’s i-th Chow
groups and let CH∗(X) := ⊕iCHi(X) (resp. CH
∗(X) := ⊕iCH
i(X)).
To denote the motivic categories over k, such as
DMgm(k), DM
eff
gm (k), DM
eff
− (k), DM
eff
− (k)⊗Q, etc.
and the functors M : Schk → DM
eff
gm (k) and M
c : Schk → DM
eff
gm (k), con-
structed by Voevodsky, we use the same notation that was introduced by him in
[41].
For the definition of the geometric motives with compact support in positive
characteristic we also refer to [20, Appendix B].
We simply use A→ B → C to denote a distinguished triangle
A→ B → C → A[1],
in either of the above categories. Moreover for any object M of DMgm(k) we
denote by M∗ the internal Hom-object Hom
DMgm
(M,Z).
Definition 1.1. An object ofDMgm(k) is called pure Tate if it is a (finite) direct
sum of copies of Z(p)[2p] for p ∈ Z.
Definition 1.2. The thick subcategory of DMeffgm (k), generated by Z(0) and the
Tate object Z(1) is called the category of mixed Tate motives and we denote it
by MT(k). Any object of MT(k) is called a mixed Tate motive. A motive M is
geometrically mixed Tate if it becomes mixed Tate over kalg.
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CAUTION: Throughout this article we either assume that k admits res-
olution of singularities or we consider the motivic categories after passing to
coefficients in Q.
Let us now move to the algebraic group theory side.
Let G be a connected reductive linear algebraic group over k. Suppose that G is
split, fix a maximal torus T and a Borel subgroup B that contains T .
We denote by Gs the semi-simple quotient of G and by Gad the adjoint group of
G.
Let X∗(T ) (resp. X∗(T )) denote the group of cocharacters (resp. characters)
of G. Let Φ := Φ(T,G) be the associated root system and ∆ ⊆ Φ(T,G) be a
system of simple roots (i.e. a subset of Φ which form a basis for Lie(G) such
that any root β ∈ Φ can be represented as a sum β =
∑
α∈∆mαα, with mα all
non-negative or all non-positive integral coefficients). Let W := W (T,G) and
l : W → Z+ denote the corresponding Weyl group and the usual length function
onW , respectively. For any subset I ⊆ ∆ we set ΦI to be the subset of Φ spanned
by I. Furthermore for u ∈W , Iu will denote the set consisting of those elements
of ∆ that do not occur in the shortest expression of u. We denote by WI the
subgroup of the Weyl group W generated by the reflections associated with the
elements of ΦI . Let W
I denote a set of representative for W/WI with minimal
length. Recall that any parabolic subgroup P of G is conjugate with a standard
parabolic subgroup, i.e. to a group of the form PI := BWIB.
Let Y be a variety with left G-action. To a G-bundle G on X one associates
a fibration G ×G Y with fibre Y over X, defined by the following quotient
G × Y
/
∼,
where (x, y) ∼ (xg, g−1y) for every g ∈ G.
2 Motive of cellular fibrations
Bellow we introduce the notion of motivic relatively cellular varieties. Notice
that this notion is slightly weaker than the geometric notion of relatively cellular
introduced by Chernousov, Gille, Merkurjev [11] and also Karpenco [23].
Definition 2.1. A scheme X ∈ Ob(Schk) is called motivic relatively cellular
(with respect to the functor M c(−)) if it admits a filtration by its closed sub-
schemes:
∅ = X−1 ⊂ X0 ⊂ ... ⊂ Xn = X (2.1)
together with flat equidimensional morphisms pi : Ui := Xi r Xi−1 → Yi of
relative dimension di, such that the induced morphisms p
∗
i : M
c(Yi)(di)[2di] →
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M c(Ui) are isomorphisms in DM
eff
gm (k). Here Yi is smooth proper scheme for all
1 ≤ i ≤ n. Moreover we say that X is motivic cellular if all Yi’s appearing in the
above filtration are equal to Spec k.
Recall that a scheme X is called relatively cellular (resp. cellular) if it admits
a filtration as above 2.1 such that Ui is an affine bundle (resp. affine space) over
Yi (resp. over Speck) via pi. In particular relatively cellular (resp. cellular)
implies motivic relatively cellular (resp. motivic cellular).
Proposition 2.2. Suppose k admits resolution of singularities. Assume that
X ∈ Ob(Schk) is equidimensional of dimension n, which admits a filtration as
in the definition 2.1. Then we have the following decomposition
M c(X) =
⊕
i
M c(Yi)(di)[2di].
Proof. We prove by induction on dimX. Consider the following distinguished
triangle
M c(Xj−1)→M
c(Xj)
gj
−→M c(Uj)→M
c(Xj−1)[1].
The closure of the graph of pj : Uj → Yj in Xj × Yj. This defines a cycle in
CHdim Xj (Xj × Yj) and since Yj is smooth this induces the following morphism
γj :M
c(Yj)(dj)[2dj ]→M
c(Xj),
by [41, Chap. 5, Theorem 4.2.2.3) and Proposition 4.2.3], such that gj ◦ γj = p
∗
j .
Thus the above distinguished triangle splits. Now we conclude by induction
hypothesis.
Remark 2.3. One can define a variant of definition 2.1 with respect to the
functor M(−). Notice that in this set up one has to replace p∗i by pi∗ . Note
further that in this case one may drop the assumption that pi is flat. Accordingly,
a variant of the Proposition 2.2 holds after imposing some additional condition.
Namely, to apply Gysin triangle [41, page 197] we have to assume that all Xis
appearing in the filtration of X are smooth; compare proof of Proposition 2.2).
Note further that in this case it is not necessary to assume that k admits resolution
of singularities.
Remark 2.4. Assume that X is a motivic relatively cellular scheme, such that
Yi is pure Tate for every 1 ≤ i ≤ n. Then using noetherian induction and Gysin
triangle one can show that X is pure Tate.
Let Ab be the category of abelian groups. Let us recall that there is a fully
faithful tensor triangulated functor
i : Dbf (Ab)→ DM
eff
gm (k),
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where Dbf (Ab) is the full subcategory of the bounded drived category D
b(Ab),
consisting of objects with finitely generated cohomology groups; see [20, Propo-
sition 4.5.].
Let us state the following proposition which is proved by B. Kahn [22, Propo-
sition 3.4].
Proposition 2.5. Assume that k admits resolution of singularities. For a cellular
variety X ∈ Ob(Schk), there is a canonical isomorphism⊕
p≥0
CHp(X) ⊗ Z(p)[2p]→M
c(X),
which is functorial both with respect to proper or flat morphisms.
Remark 2.6. We recall the following variant of the above decomposition for
the motive M(X). Assume that X ∈ Ob(Smk) and assume further that it is
equidimensional. Then there is a natural isomorphism⊕
p≥0
CHp(X)∨ ⊗ Z(p)[2p]→˜M(X)
in DMeffgm (k), according to [22, Corollary 3.5]. Here CH
p(X)∨ denote the dual
Z-module.
More generally in [20, Proposition 4.10] Huber and Kahn prove that for a smooth
variety X over k, if the associated motive M(X) is pure Tate then there is a
natural decomposition M(X) ∼=
⊕
p cp(X)(p)[2p] in terms of the corresponding
motivic fundamental invariants cp(X).
Remark 2.7. Let G be a split reductive group over a perfect field k, and let P
be a parabolic subgroup of G which is conjugate with a standard parabolic sub-
group PI . Then one has the isomorphism M(G/P ) ∼=
⊕
w∈W I Z(l(ω))[2l(w)].
Namely, the decomposition G =
∐
w∈W I BwP , induces a cell decomposition
G/P ∼= G/PI =
∐
w∈W I Xw, where Xw is isomorphic to the affine space A
l(w).
Note that the cycles [Xw] form a set of generators for the free module CH∗(G/P ).
We now want to compute the motive associated to a fiber bundle. Re-
call that the naive version of Leray-Hirsch theorem does not even hold for the
Chow functor. One way to tackle the problem in the algebraic set-up is to im-
pose some stronger conditions on the fiber. Namely, one should assume that
the fiber admits cell decomposition and further satisfies Poincare´ duality (i.e.
the degree map CH0(F ) → Z is an isomorphism and the intersection pairings
CHp(F )⊗ CH
p(F )→ CH0(F ) are perfect parings).
Let f : Γ → X be a smooth proper morphism that is locally trivial for Zariski
topology, with fiber F satisfying the above conditions. Let ζ1, ..., ζm be homoge-
neous elements of CH∗(Γ) whose restriction to any fiber form a basis of its Chow
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group over Z. Then the Leray-Hirsch theorem for Chow groups states that the
homomorphism
ϕ : ⊕mi=1CH∗(X)→ CH∗(Γ) , ϕ(⊕αi) = Σζi ∩ f
∗αi
is an isomorphism. When X is non-singular, it means that ζi form a free basis
for CH∗(Γ) as a CH∗(X) −module. For the proof, we refer the reader to [10,
appendix C].
Let us now state the motivic version of the Leray-Hirsch theorem.
Theorem 2.8. Let X be a smooth irreducible variety over k. Let π : Γ → X
be a proper smooth locally trivial (for Zariski topology) fibration with fiber F .
Furthermore, assume that F is cellular and satisfies Poincare´ duality. Then one
has an isomorphism
M(Γ) ∼=
⊕
p≥0
CHp(F )⊗M(X)(p)[2p]
in DMeffgm (k).
Proof. Take a set of homogeneous elements {ζi,p}i,p of CH
∗(Γ) such that for any
p the restrictions of {ζi,p}i to any fiber Γx ∼= F form a basis for CH
p(Γx). Notice
that since X is irreducible, it is enough that the restrictions of the ζi,p’s generate
CH∗(Γx) for the fiber over a particular x.
By [28] Theorem 14.16 and Theorem 19.1, for each i, ζi,p defines a morphism
M(Γ)→ Z(p)[2p]. Summing up all these morphisms and taking dual, by Poincare´
duality we get the following morphism
ϕ :M(Γ)→
⊕
p
CHp(F )⊗ Z(p)[2p].
Composing M(∆) :M(Γ)→M(Γ×Γ) ∼=M(Γ)⊗M(Γ), which is induced by
the diagonal map ∆ : Γ× Γ→ Γ, with M(π)⊗ ϕ, we obtain
M(Γ)→
⊕
p
CHp(F )⊗M(X)(p)[2p].
Now take a covering {Ui} of X that trivializes Γ. The restriction of this global
morphism to Uj is induced by the restriction of ζi,ps to Uj . The same holds over
intersections, i.e. these morphisms fit together when we pass to Uj ∩Uk. Thus by
Mayer-Vietoris triangle (see [41, Chapter 5, (4.1.1)]) we may reduce to the case
that Γ is a trivial fibration X ×k F . This precisely follows from Ku¨nneth formula
[41, Proposition 4.1.7] and Remark 2.6 above.
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Let us now state the first application of the above theorem which we propose
in this article. Let X˜ be a variety over a perfect field k. Suppose that X˜ sits in
a tower
X˜n := X˜
pn−1
y
X˜n−1
...y
X˜0
such that X˜i → X˜i−1 is a proper smooth locally trivial fibration with fibre
Fi. Furthermore assume that Fi is cellular and satisfies Poincare´ duality. We call
such a variety a tower variety over X˜0.
Theorem 2.9. Let f : X˜ → X be a surjective semismall morphism. Further
assume that X˜ is a tower variety over a smooth proper scheme X˜0. Then the
motive M(X) is a summand of
n−1⊗
i=0

⊕
p>0
CHp(Fi)⊗ Z(p)[2p]

 ⊗M(X˜0)
in DMgm(k)⊗Q.
Proof. This follows from the motivic version of the decomposition theorem [14,
Theorem. 2.3.8], Theorem 2.8 and the embedding theorem [41, Chap. 5, Propo-
sition 2.1.4].
Remark 2.10. Assuming Grothendieck’s standard conjectures and Murre’s con-
jecture, see [12, Paragraph 3.6], Corti and Hanamura prove that the decompo-
sition theorem holds in the category of relative Chow motives CHMS,Q with
rational coefficients. In this case one may drop the semismallness from the hy-
potheses of the above corollary. Notice that when S is proper, then CHMS,Q
maps to rational Chow motives.
Let G be a connected reductive algebraic group over the local fieldK := k((z))
of Laurent series with algebraically closed residue field k and ring of integers
OK = k[[z]]. Recall that to such a group G over a local field K, Bruhat and Tits
[7] associate a building B(G). Moreover any maximal split torus S defines an
apartment A := A(G, S) which is called the reduced apartment of G associated
with S. For any F ∈ A(G, S) we let PF denote the corresponding parahoric group
9
scheme and FℓPF the associated twisted affine flag variety. For an element ω of
the Iwahori-Weyl group W˜ , we let S(ω) denote the associated affine Schubert
variety in FℓPF ; see [30, Sec. 8].
Proof. of Proposition 0.2. The source of the Bott-Samelson-Demazure resolution
Σ(ω) → S(ω), constructed in [35, Corollary 3.5], is an iterated extension of
projective homogeneous varieties [35, Remark 2.9]. Therefore by Theorem 2.8 the
motiveM(Σ(ω)) is pure Tate. Note that generalized flag varieties satisfy Poincare´
duality; see [25]. Now the proposition follows from Ngoˆ-Polo[29, Lemma 9.3],
Theorem 2.9 and Remark 2.10. Notice that the affine Schubert variety S(ω) is
projective and therefore the splitting of the corresponding motive in the category
of relative Chow motives, gives the splitting in the category of rational Chow
motives and hence in DMeffgm (k) by [41, Chap. 5, Proposition 2.1.4].
Remark 2.11. One can explicitly compute the summands that may appear in
the decomposition of the motive associated with S(ω) according to Remark 2.6,
[14, Theorem 2.3.8], Remark 2.10 and finally [35, Remark 2.9].
3 Motive of a G-bundle
In this section we study motives of G-bundles over a base scheme which is (geo-
metrically) cellular, or more generally, over a base scheme which is (geometrically)
mixed Tate. Let us first recall the following result of A. Huber and B. Kahn [20,
Proposition 5.3].
Proposition 3.1. An object M ∈ DMeffgm (k) is geometrically mixed Tate if and
only if there is a finite separable extension E of k such that the restriction of M
to DMeffgm (E) is mixed Tate.
Definition 3.2. Let X ∈ Ob(Schk). We say that X is mixed Tate if the associ-
ated motive M c(X) lies in the subcategory MT(k) of mixed Tate motives. Let
{Xi}
n
i=1 be the set of irreducible components of X. We call X a configuration of
mixed Tate varieties if
i) Xi is mixed Tate for 1 ≤ i ≤ n, and
ii) the union of the elements of any arbitrary subset of {Xij := Xi ∩Xj}i 6=j is
either a configuration of mixed Tate varieties or empty.
Lemma 3.3. The motive of a configuration of mixed Tate varieties is mixed
Tate.
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Proof. We prove by induction on the dimension r of the mixed Tate configura-
tion. The statement is obvious for r = 0. Suppose that the lemma holds for
all mixed Tate configurations of dimension r < m. Let X = X1 ∪ · · · ∪ Xn be
a configuration of mixed Tate varieties of dimension m, here Xi denote an irre-
ducible component of X. For inclusion
⋃
i 6=j Xij ⊂
⋃n
i=1Xi, we have the following
induced localization distinguished triangle
M c(
⋃
i 6=j
Xij)→M
c(X1 ∪ ... ∪Xn)→M
c(
n⋃
i=1
Xi r
⋃
i 6=j
Xij).
By the induction assumption, M c(
⋃
i 6=j Xij) is mixed Tate. On the other hand
we have:
M c(
n⋃
i=1
(Xi r
⋃
i 6=j
Xij)) =
n⊕
i=1
M c(Xi r
⋃
i 6=j
Xij).
It only remains to show that for every i, M c(Xi r
⋃
i 6=j Xij) is mixed Tate. To
see this, consider the following distinguished triangle
M c(
⋃
i 6=j
Xij)→M
c(Xi)→M
c(Xi r
⋃
i 6=j
Xij).
Notice that M c(
⋃
i 6=j Xij) is mixed Tate by induction hypothesis.
In the sequel, we use the theory of wonderful compactification of semi-simple
algebraic groups of adjoint type to relate motive of a G-bundle to the motives
associated to certain cellular fiber bundles.
Remark 3.4. Wonderful Compactification In [13] De Concini and Procesi have
introduced the wonderful compactification of a symmetric space. In particular
their method produces a smooth canonic compactification G of an algebraic group
G of adjoint type. Note that in [13] they study the case that the group G is defined
over C. Nevertheless most of the theory carries over for any algebraically closed
field of arbitrary characteristic. However there are some subtleties in positive
characteristic which we mention bellow, see Proposition 3.5(b).
As a feature of this compactification, there is a natural G×G-action on G, and
the arrangement of the orbits can be explained by the associated weight polytope.
Let us briefly recall some facts about the construction of G and the geometry of
its G×G-orbits and their closure.
Let ρλ : G → GL(Vλ) be an irreducible faithful representation of G with
strictly dominant highest weight λ. One defines the compactification Xλ of G as
the closure P(ρλ(G)) (in P(End(Vλ))) of the projectivization P(ρλ(G)) of ρλ(G).
It is proved in [15] that when G is of adjoint type, Xλ is smooth and independent
of the choice of the highest weight. In this case the resulting compactification is
called wonderful compactification and we denote it by G.
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The following proposition explains the geometry of the wonderful compacti-
fication of G and the closures of its G × G-orbits. Furthermore, it provides an
effective method to compute their cohomologies.
Before stating this proposition, let us fix the following notation. Consider the
correspondence between polytopes and fans, which associates to a polytope its
normal fan. We let PC denote the polytope associated to the fan of Weyl chamber
and its faces.
Proposition 3.5. Keep the above notation, we have the following statements:
(a) There is a one-to-one correspondence between the G × G-orbits of G and
the orbits of the action of the Weyl group on the faces of the polytope PC ,
which preserves the incidence relation among orbits (i.e. for two faces F1
F2 of the polytope PC , if F1 ⊆ F2 then the orbit corresponding to the face
F1 is contained in the closure of the orbit corresponding to F2).
(b) Let I ⊂ ∆ and F = FI the associated face of PC . Let DF denote the closure
of the orbit corresponding to the face F . Then DF = ⊔α∈W×WCF ,α, such
that for each α := (u, v) there is a bijective morphism
AnF,α → CF ,α (3.2)
where nF ,α = l(w0) − l(u)+ | I ∩ Iu | +l(v) and w0 denotes the longest
element of the Weyl group. In particular when char k = 0 (resp. char k > 0)
DF is cellular (resp. motivic cellular).
(c) G rG is a normal crossing divisor, and its irreducible components form a
mixed Tate configuration.
Proof. For the proof of (a) we refer to [37, Proposition 8]. The existence of the
decomposition DF = ⊔α∈W×WCF ,α and bijective morphism 3.2 is the main re-
sult of Renner in [34]. The fact that DF is cellular in characteristic zero follows
from Zariski main theorem. Finally the assertion that DF is motivic cellular in
positive characteristic follows from the fact that any universal topological home-
omorphism induces isomorphism of the associated h-sheaves, see [43, Proposition
3.2.5]. Finally (c) follows from (a), (b) and Remark 2.4.
Remark 3.6. When char k > 0 then we don’t know whether the bijection 3.2 is
an isomorphism or not and thus DF might not fit the definition 2.5 of cellular
varieties. Nevertheless, as we have seen above, the variety DF is motivic cellular
and hence enjoys a similar decomposition; see Proposition 2.2 and remark 2.3.
Proposition 3.7. Assume that char k = 0. Let G be a connected reductive group
over k with connected center Z(G). Let G be a G-bundle over an irreducible
variety X ∈ Ob(Smk). Suppose that G is locally trivial for Zariski topology and
X is geometrically mixed Tate, then M(G) is also geometrically mixed Tate.
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Proof. We may assume that the base field k is algebrically closed.
Let us first assume that G is a semisimple group of adjoint type. Then G admits a
wonderful compactification G which is smooth. By construction, there is (G×G)-
action on G. Consider the G-fibration G := G ×G G over X (here G acts on G
via the embedding G →֒ G × e ⊆ G ×k G). Consider the following generalized
Gysin distinguished triangle
M(G)→M(G)→M c(G r G)∗(n)[2n]→M(G)[1]
[41, page 197], corresponding to the open immersion G →֒ G. Here n := dimG+
dimX.
By Proposition 3.5, G admits a cell decomposition and therefore by Theorem 2.8,
M c(G) is mixed Tate. Hence it suffices to show that M c(G r G) is mixed Tate.
Let us now look at the geometry of the closures of (G×G)-orbits. As we mentioned
in Proposition 3.5 a), these orbit closures are indexed by a subset of faces of Weyl
chamber, in such a way that the incidence relation between faces gets preserved.
Note that by Proposition 3.5 b) the closure of these orbits also admit a cell
decomposition. Thus by Theorem 2.8 the irreducible components of G r G form
a mixed Tate configuration. Now Lemma 3.3 implies that M c(G r G) is mixed
Tate.
Now let us assume that G is a reductive with connected center Z := Z(G). Let
G′ denote the Gad-bundle associated with G. As we have shown above the motive
M(G′) is mixed Tate. Notice that any torus bundle is locally trivial for Zariski
topology by Hilbert’s theorem 90. Take a toric compactification Z of Z and
embed G into Z := G ×Z Z, which is a toric fibration over G′. The irreducible
components of the complement of G in Z are toric fibrations over G′. Since fibers
are toric (and hence cellular) and M(G′) is mixed Tate, by Theorem 2.8 we may
argue that these irreducible components form a mixed Tate configuration and
hence we may conclude as above.
In the statement of the Proposition3.7, the assumption that the G-bundle G
is locally trivial for Zariski topology is restrictive; nevertheless, as we will see
below, when X is geometrically cellular, it turns out that this assumption is not
necessary. Before proving this, let us state the following lemma.
Lemma 3.8. Let G be a connected reductive group over k, then the motive as-
sociated to G is geometrically mixed Tate. Furthermore if G is a split reductive
group then M(G) is mixed Tate.
Proof. For the first statement we may assume that k is algebraically closed. Let
T be a maximal split torus in G of rank r. We view G as a T -bundle over G/T
under the projection π : G → G/T , and Prk as a compactification of T . Let
13
T := G ×T Prk be the associated projective bundle over G/T . By projective
bundle formula [28, Theorem 15.12] we have
M(T ) =M(Prk)⊗M(G/T ).
On the other hand B = T⋉U , where B is a Borel subgroup of G containing T and
U is the unipotent part of B. Notice that, as a variety, U is isomorphic to an affine
space over k. Since the fibration G→ G/B is the composition of G→ G/T and
U -fibration G/T → G/B, we deduce by Corollary 2.7 that M(T ) is pure Tate.
As in the last paragraph of the proof of Proposition 3.7, one can embed G into
T over G/T and verify that the irreducible components of its complement form
a mixed Tate configuration. The second part of the lemma is similar, only since
G is split, one does not need to pass to an algebraic closure.
Remark 3.9. In [20, Section 8] A. Huber and B.Kahn proved that the motive
of a split reductive group is mixed Tate. Their proof relies on the filtration on
the motive of a torus bundle. They produce this filtration using their theory of
slice filtration; see also section 4. One can alternatively use the explicit filtration
we establish in section 4; see also Lemma 4.1 Example 4.2.
Proposition 3.10. Let G be a connected reductive group over k. Let G be a
G-bundle over an irreducible variety X ∈ Ob(Smk). Suppose in addition that X
is geometrically cellular. Then M(G) is geometrically mixed Tate.
Proof. We may assume that k is algebraically closed. Let
∅ = X−1 ⊂ X0 ⊂ ... ⊂ Xn = X
be a cell decomposition for X, where Ui := Xi rXi−1 is isomorphic to A
di
k . We
prove by induction on n. Consider the following Gysin distinguished triangle
M(G|Un)→M(G)→M(G|Xn−1)(c)[2c], (3.3)
where c is the codimension of Xn−1 in X. By Raghunathan’s Theorem [33] (the
generalization of the well-known conjecture of Serre about triviality of vector
bundles over an affine space), the restriction of G to Un is trivial. Therefore
M(G|Un) is mixed Tate by Lemma 3.8 and Ku¨nneth theorem [41, Proposition
4.1.7]. On the other handM(G|Xn−1) is mixed Tate by induction hypothesis.
4 Filtration on the motive of a G-bundle
Recall that in section 3 we studied the motive associated to a G-bundle over a
base scheme X whose motive M(X) is geometrically mixed Tate. In the sequel,
we produce a nested filtration (in terms of incidence relations between faces of a
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convex body) on the motive of a G-bundle over a general base scheme.
Let us first recall the following filtration on the motive of a torus bundle in
DMeffgm (k), constructed by A. Huber and B. Kahn; see [20] where they produce
this filtration as an application of the theory of slice filtration and further use it
to study motive of a split reductive group [20, Lem. 9.1]. Let us briefly recall
their construction.
Let T be a split torus of rank r and let T be a T -bundle over a scheme
X ∈ Ob(Smk). Let Ξ := Hom(Gm, T ) denote the cocharacter group. Then one
has the following diagram of distinguished triangles in DMeffgm (k)
ν>p+1X M(T )
// ν>pX M(T )

ν>2X M(T )
// ν>1X M(T )
//

M(T )

[1] ... [1] [1]
λp(X,T )
bb❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
λ1(X,T )
``❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
λ0(X,T )
``❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
(4.4)
where λp(X,T ) := M(X)(p)[p] ⊗ Λ
p(Ξ) for 0 ≤ p ≤ r. Note that M(T ) ∼=
ν>0X M(T ) and ν
>r+1
X M(T ) = 0. For the details on the construction of relative
slice filters ν>pX M(T ) see [20, Sec. 8].
Now, following the method which we introduced in section 3, we want to
explain our construction of a nested filtration on the motive of a G-bundle.
Let G be a G-bundle over X, where G is a linear algebraic group. Let G˜ be a
compactification of G. Suppose that the irreducible components of D := G˜ rG
form a mixed Tate configuration D = ∪mi=1Di, such that D
J := ∩i∈JDi is either
irreducible or empty for any J ⊆ {1, . . . ,m}. We assume that there exist a
polytope whose faces correspond to those subsets J of {1, ...,m} such that DJ is
non empty (with face relation F2 is a face of F1 if we have the inclusion J2 ⊆ J1
of the corresponding sets). Let P be the dual of this polytope. For each face
F of P, we denote by DF the associated subvariety of D, regarding the above
correspondence. We set DP := G. For each 1 ≤ r ≤ m, let Qr be the set
consisting of all faces in P of codimension r. Let ∂F denote the boundary of F ,
i.e. the set {F ∩ F ′|F ′ ∈ Q1}r {F}.
Let G˜ denote the compactification G×G G˜ of G and let DF be the associated DF -
fibration over X. Furthermore set DP := G. According to the above discussion,
one may easily derive the following filtration on the motive of a G-bundle.
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Lemma 4.1. There is a nested filtration on M c(G) by distinguished triangles,
indexed by codimension r and faces F ∈ Qr
M c(
⋃
F∈Q1
DF = G˜ r G)→M
c(DP = G˜)→M
c(DP r
⋃
F∈Q1
DF = G)
...
M c(
⋃
F∈Qr+1
DF )→M
c(
⋃
F∈Qr
DF )→ ⊕F∈QrM
c(DF r
⋃
F ′∈∂F DF ′),
...
(4.5)
and for each F ∈ Qr the triangle
M c(
⋃
F ′∈∂F DF ′)→M
c(DF )→M
c(DF r
⋃
F ′∈∂F DF ′),
is the first line of a nested filtration obtained by replacing P by F .
Proof. It proceeds similar to the proof of Lemma 3.3.
Note that the above filtration is particularly interesting when DF is a cellular
fibration. In this situation we may apply Theorem 2.8 to compute M c(DF ). Let
us consider the following two cases.
Example 4.2. Let T be a split torus of rank r as above and T be a T -bundle
over X. This is locally trivial for Zariski topology on X by Hilbert’s theorem 90.
Consider the projective space Pr as a toric compactification of T corresponding
to the standard r-simplex ∆r. So we have P = ∆r. Note that in this case for
each face F ∈ ∆r, DF is in fact a projective bundle over X. Hence one may
use the projective bundle formula [28, Theorem 15.11] to compute M c(DF ). In
particular when M c(X) is mixed Tate, one may prove recursively that M c(T ) is
mixed Tate.
Example 4.3. Let G be a semi-simple group of adjoint type and G˜ := G its
wonderful compactification. In this case the polytope P coincide with the one in
Proposition 3.5. Note that for each face F of P, DF admits a cell decomposition,
see Proposition 3.5. Let us mention that for a regular compactification of a
reductive groupG, each closed orbitDF corresponding to a vertex F is isomorphic
to product of flag varieties G/B×G/B. In particular DF is a cellular fiberation,
see [6] for details.
Recall that we phrased part (a) of Theorem 0.4 in Proposition 3.10. We now
want to complete the proof of This theorem.
Proof. of parts (b), (c) and (d) of Theorem 0.4.
By the well-known theorem of Drinfeld and Simpson [16], we may find a set {pi}
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of closed points of C and a finite separable extension k′ of k that simultane-
ously trivializes the restriction of G over C˙ := C r {pi} and the fibers over pi.
Consequently we obtain the following Gysin triangle
M(G)⊗M(C˙k′)→M(Gk′)→
⊕
pi
M(Gk′)(n)[2n].
Now (b) follows from Lemma 3.8.
Now we prove (c). Since G is reductive, Z(G) = Z(G)◦ is a torus. Thus it suf-
fices to prove the statement for the associated Gad-bundle G′, see example 4.2.
Regarding Example 4.3, part (c) follows from filtration (4.5) and the motivic
Leray-Hirsch theorem 2.8.
Finally when k = C, Iyer [21] establishes the Chow-Ku¨nneth decomposition for a
projective homogeneous fiber bundle (which is locally trivial with respect to the
e´tale topology on the base). Note however that this is done only after passing to
rational coefficients. Since Gad-bundle G′ is locally trivial for the e´tale topology
on X, so does the fiber bundle DF . The fiber DF is itself a projective homoge-
neous fibre bundle over a projective homogeneous variety which is determined by
the face F [17, Proposition 2.26]. Thus we may deduce part (d) by applying [21,
Proposition 3.8] to all the fiber bundles DF appearing in the filtration (4.5).
At the end of this section, it may look worthy to state the corresponding facts
in the K-ring K0(Vark) (as well as the K-ring K0(DM
eff
gm (k))).
Recall that for a fibration X → Y with fiber F , which is locally trivial for
Zariski topology, one has [X] = [Y ].[F ] (here [.] denotes the corresponding class
in K0(V ark)), according to Gillet and Soule´ [18, Proposition 3.2.2.5].
Proposition 4.4. Assume that k is algebraically closed. Let G be a G-bundle over
a smooth variety X. Furthermore, assume that either of the assumptions (a), (b),
(c) or (d) of Theorem 0.4 hold, then the torsor relation [M(G)] = [M(G)].[M(X)]
holds in K0(DM
eff
gm (k)⊗Q). Moreover in first three cases we have [G] = [G].[X],
already in K0(Vark).
Proof. Assume that (a) (resp. (b)) holds, then we may argue by filtration 3.3
(resp. the theorem of Drinfeld and Simpson). If (c) holds, then it follows from
Lemma 4.1 and Theorem 2.8, or directly by Gillet and Soule´ [18, Proposition
3.2.2.5]. Finally, assuming (d), we may conclude by Lemma 4.1 and [21, Propo-
sition 3.8].
Remark 4.5. The above torsor relation [M(G)] = [M(G)].[M(X)] was also
proved in [4, Appendix A]. However they only treat the case that the charac-
teristic of the ground field is 0. Note further that they also use the assumption
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that the center of G is connected, see proof of [4, Theorem A.9], although they
don’t mention this precisely.
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